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The purpose of this paper is to prove that the only finite modular irreducible
nondistributive lattices that can be organized into effect algebras are the lattices
M consisting of 0, 1, and n atoms. Furthermore, the only finite modular nondis-n
tributive lattices that can be organized as such are products of M s and chains.n
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1. INTRODUCTION
w x  .An effect algebra, introduced in 5 , is a system E, [ , 0, u consisting of
a set E with two special elements 0, u g E, called the zero and the unit,
and with a partially defined binary operation [ satisfying the following
conditions for all p, q, r g E:
i. Commutati¨ e law. If p [ q is defined, then q [ p is defined and
p [ q s q [ p.
 .ii. Associati¨ e law. If q [ r and p [ q [ r are defined, then
 .  .  .p [ q and p [ q [ r are defined and p [ q [ r s p [ q [ r.
iii. Orthosupplement law. For every p g E there exists a unique
q g E such that p [ q is defined and p [ q s u.
iv. Zero]one law. If p [ u is defined, then p s 0.
Unless confusion threatens, we say that E is an effect algebra when we
 .really mean that E, [ , 0, u is an effect algebra. Effect algebras are the
w xsame thing as the difference posets in 4 . Also, if we write an equation such
as p [ q s r, we are asserting both that p [ q is defined and that
p [ q s r. For the remainder of this paper we will assume that E is an effect
algebra with unit u.
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We say that p is orthogonal to q and write p H q iff p [ q is defined in
w xE and p is isotropic iff p [ p is defined in E. Following 6 , we define the
 .summit of a nonzero isotropic p, called smt p , to be np, where np is
 .defined, but n q 1 p is not. The integer n is called the isotropic index of
p. An atom is said to be of type I if the only elements under its summit are
w xits multiples, and type II otherwise 6, Definition 7.3 . The orthosupple-
 . Xment of p, as defined in iii in the preceding text, will be denoted by p . It
w xis shown in 5 that the relation F on E defined by p F q iff there is an
element r g E such that p [ r s q is a partial order, and that p H q if
and only if p F qX so that an element is isotropic iff it is under its
 .orthosupplement. Furthermore, the prime 9 is an order-reversing involu-
 .tion, so that as a partially ordered set, E s E, F is self-dual in the sense
U  .that it is isomorphic to E s E, G . Finally, the cancellation law holds in
w xE, namely, p [ q s r [ q iff p s r 5 .
 .Any effect algebra E determines uniquely the associated poset E, F .
However, the reverse is not true: the four-element effect algebra D
 .known as the diamond consists of 0, a, b, and 1, with 0 [ x s x for all x,
and a [ a s b [ b s 1. This poset as a lattice is a direct product, but as
an effect algebra it is not. As a poset, it is isomorphic to the Boolean
algebra 22 whose elements are also 0, a, b, and 1, but whose addition is
defined by 0 [ x s x for all x, and a [ b s 1. Thus, the partial order does
not determine the effect algebra, and very little is known about which
partially ordered sets can be organized into effect algebras. The purpose of
this paper is to show that very few finite modular lattices can be so
organized.
2. EFFECT ALGEBRAS AS POSETS
If we say that E has a certain order-theoretic property, we mean that
 .the poset E, F has that property. For example, to say that E is lattice
 .ordered means that E, F is a lattice. When we say that E is distributi¨ e
 .or modular, we mean that E, F is a distributive or modular lattice. In
particular, E is an orthomodular lattice iff E is lattice ordered and the
orthosupplement xX for any element x is an orthocomplement for x in the
sense that x k xX s 1 and x n xX s 0. Note that in this case the only
isotropic element is 0. Conversely every orthomodular lattice L can be
organized into an effect algebra by defining a [ b s c iff a F bX and
a k b s c in L.
The class of effect algebras, considered as posets, is closed under the
w xformation of direct products and horizontal sums 5 . Furthermore, every
interval in an effect algebra is an effect algebra, as the following lemma
and theorem show.
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LEMMA 1. Suppose E is an effect algebra with unit u and let ¨ g E. Then
w x  4E 0, ¨ s x g E: x F ¨ can be organized in an effect algebra.
U w x UProof. Define [ on E 0, ¨ by x [ y is defined iff x H y in E and
x [ y F ¨ . In this case x [U y is defined to be x [ y. The commutative and
associative properties are obvious. The cancellation law shows the ortho-
supplement of an element x to be uniquely determined as that element y
such that x [ y s ¨ in E, and ¨ [U p is defined iff p s 0, since otherwise
w xthe sum would be strictly above ¨ and not in E 0, ¨ .
THEOREM 1. Suppose w and ¨ are elements of E with w F ¨ . Then
w x  4E w, ¨ s x g E: w F x F ¨ can be organized into an effect algebra.
w xProof. Since E 0, ¨ can be organized into an effect algebra, it is a
Uw xself-dual poset, so that its dual E ¨ , 0 is an effect algebra with smallest
Uw xelement ¨ . By the lemma, E ¨ , w is also an effect algebra, and by
w xself-duality, E w, ¨ can be organized into an effect algebra as well.
w xIn 6 it is shown that every finite distributive effect algebra E is an
effect-algebra Cartesian product of diamonds and chains, and therefore, as
a lattice is a product of chains. The rest of this paper will be devoted to
showing that there is no nondistributive irreducible finite modular effect
algebra of height 3 or greater.
È3. THE RESULT OF IVERT AND SJODIN
A projecti¨ e plane is a collection of points and lines that satisfy the
following axioms:
P1. Any two distinct points determine a unique line.
P2. Any two distinct lines intersect in a single point.
P3. There are at least three points on each line and there exist at
least two lines.
Here, the empty set, points, lines, and the whole plane form a lattice
under set inclusion, called the lattice of flats of the plane, and by the
w xclassical result of Birkhoff and Menger 2, 9 the lattice of flats of a finite
projective plane is a finite irreducible complemented modular lattice of
height 3. Conversely every such lattice is the lattice of flats of a projective
 w x .plane. See 1, Sect. 8.7 for details of the proof. The result of Ivert and
w xSjodin referred to in the previous text 7 is that no lattice of flats of anyÈ
finite projective plane can be orthocomplemented. Since every orthocom-
plemented modular lattice is orthomodular, if there were an orthocomple-
mented lattice of flats of a projective plane, it would be orthomodular, and
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therefore an effect algebra. We have chosen to repeat the proof of Ivert
and Sjodin here because it is an ingenious argument using linear algebraÈ
that we feel is of interest in its own right. We first remark that it is well
known that every finite projective plane has N s n2 q n q 1 points and N
lines, where n is a positive integer, and that each point is on exactly n q 1
lines, and each line contains exactly n q 1 points, where n G 2.
 .THEOREM 2 Theorem of Ivert and Sjodin . Let L be the lattice of flatsÈ
of a finite projecti¨ e plane. Then L is not orthocomplemented.
Proof. Let the atoms of L be e , e , . . . , e 2 and let N s n2 q n q1 2 n qnq1
 .1. Define the N = N matrix A s a byi j
1, if e and e are orthogonal,i ja si j  0, otherwise.
A is a symmetric matrix since orthogonality is a symmetric relation, and
there are zeros down the main diagonal since no atom can be under its
orthocomplement. In fact, the orthocomplement of each atom has to be a
 .line coatom , so each row contains exactly n q 1 ones; similarly for the
columns. Each row corresponds to a line in the plane i.e., it has ones in
.exactly the positions corresponding to the points on the line , so that for
two distinct rows, there is exactly one column in which they both have
ones.
To compute A2, we note that its i, jth entry is the dot product of the ith
 .row of A and its jth column which is its jth row . If i s j, we get n q 1,
so the diagonal entries of A2 are all n q 1. If i / j, we get 1 since there is
only one spot in which the ith row and jth row each contain 1. Then
n q 1 1 ??? 1 1 n q 1 q N y 1
1 n q 1 ??? 1 1 1 q n q 1 q N y 2
. . .s. . .. . .
1 1 1 n q 1 1 N y 1 q n q 1
1
1
.s n q N . . ..
1
Thus the N = 1 vector, each of whose entries is 1, is an eigenvector for
2 2  .2A , with eigenvalue n q N s n q n q n q 1 s n q 1 . The orthogonal
complement in R n of this eigenvector is an eigenspace for A2 with
eigenvalue n. Thus the matrix A has as its eigenvalues the square roots of
2 ’  .the eigenvalues of A , namely, n q 1 and e n i s 1, 2, . . . , N , wherei
e s 1 or y1.i
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The trace of A is equal to the sum of its eigenvalues; thus 0 s n q 1 q m
’n , where m is the sum of the e and is therefore an integer. Since m / 0,i’  .n s y n q 1 rm, a rational number, and therefore an integer k. Thus
 2 .  .m s y k q 1 rk and 1rk s y m q k , which is also an integer, so that
k s 1, contradicting the assumption that n G 2.
4. FINITE MODULAR EFFECT ALGEBRAS OF HEIGHT 3
The result of Ivert and Sjodin implies that if the lattice of flats of a finiteÈ
projective space is to be an effect algebra, some atom must be under its
orthosupplement. However, if p F l, where l is the orthosupplement of p,
then l must dominate at least two other distinct atoms, p and r. Thus,
 . p [ q and p [ r are defined. Since L is a lattice, p [ q s p k q [ p
. w x  .  .n q 6, Theorem 3.5 . So p [ q s p k q [ p n q s l [ 0 s l. Like-
wise, p [ r s l. However, by the cancellation law, p [ q s p [ r « q s r,
a contradiction. So no lattice of flats of a projective plane can be made
into an effect algebra. Since every element of height 3 in the lattice of flats
of a projective space is the lattice of flats of a projective plane, we have
shown the following result:
THEOREM 3. No lattice of flats of any finite projecti¨ e space can be
organized into an effect algebra.
We next show that there are no lattice-irreducible finite nondistributive,
modular effect algebras of height 3.
THEOREM 4. If L is a finite nondistributi¨ e modular effect algebra of
height 3, then, as a lattice, L ( M = 2, where M is the horizontal sum of nn n
copies of the chain 3 and 2 is the two-element chain.
Proof. We will first show that the atoms and coatoms of L satisfy the
first two axioms of projective space.
First we will prove that every atom is below at least two coatoms. If L is
an effect algebra with the properties given in the hypothesis, then since it
is modular of height 3, there are no atoms which are also coatoms. Thus
we can assume that every atom is strictly beneath at least one coatom.
Assume that p is a fixed atom which is under exactly one coatom c.
Since p is under a unique coatom, then the coatom pX dominates a unique
X X X  4atom c . If p s c, then p s c and the chain 0, p, c, 1 is a horizontal
summand of L and equals L by modularity. Thus L is distributive, a
contradiction. Therefore pX / c and we have at least two coatoms and,
dually, at least two atoms. If c n pX s 0, then since p k pX s 1,
 X 40, p, c, p 1 ( N , the five-element nonmodular lattice, contradicting the5
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modularity of L. Therefore, c n pX / 0, so c n pX s cX because c n pX
must be an atom and the only atom under pX is cX. Therefore, cX F c. If L
 X X 4 Xhas no other atoms, then L ( 0, p, c, p , c , 1 with c F c which is the
lattice product 2 = 3. This is a contradiction, so L must have a third atom
r different from both p and cX. If r k c s 1, then r g c. Since p is under
 4only p, c, and 1, this implies that p k r s 1 and then 0, p, r, c, 1 ( N ,5
which is a contradiction. Hence, r F c and we already had that p F c and
cX F c. Thus every atom of L is under c. Dually for every coatom rX g L,
rX G cX. Finally, since cX F pX there exists an x g L such that cX [ x s pX.
However, since cX is the unique lower cover of pX, this means that x s cX.
However, rX s cX [ s for some atom s g L and s / cX. So cX and s are
both under the coatoms rX and c so that cX k s does not exist. This
contradicts the fact that L is a lattice. Therefore, there can be no atom p
which is under a unique coatom. Thus every atom is below at least two
coatoms.
Given r and q distinct atoms of L, either q k r s 1 or q k r is a
 4coatom of L. If q k r s 1, then 0, q, r, d, 1 ( N , where d is any coatom5
above q, which contradicts the fact that L is modular. Thus, q k r is a
coatom and is therefore the unique coatom above q and r.
Hence, with atoms as points and coatoms as lines, we have the first
axiom for projective space. Dually, we get the second axiom, that every
pair of distinct coatoms dominates a unique atom. So we need only get the
third axiom to make L into a projective space. If L has only one coatom,
then it must be the distributive four-element chain, which is a contradic-
tion. So we can assume that there are at least two lines.
If for every pair of lines, there is a point not contained in either of them,
then projection from that point gives a one-to-one correspondence be-
tween the points on the lines, so every line has the same number of points,
n. If n s 2, then L ( 23 which is distributive, a contradiction. If n G 3,
then L is the lattice of flats of a projective space. However, by Theorem 4,
no lattice of flats of a projective space is an effect algebra. So there exist
lines l and m that contain all the points in L.
Let q be the point of intersection of l and m. One of these lines must
contain more than two points. Without loss of generality, assume m is this
line. Let r be a point on l different from q and let s and t be two distinct
points on m different from p. Clearly, the two lines r k s and r k t
contains exactly two points. If there were a third point on q k r, say u,
 .  .then u k s n r k t would be a third point on r k t, a contradiction.
Thus every point but r is on m and every line but m goes through r. Thus
w xq and m are unique complements of each other and, as a lattice, L ( 0, r
w x= 0, m , where the first factor is the Boolean algebra 2, and the second
factor is M , where n is the number of atoms under m.n
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5. FINITE MODULAR EFFECT ALGEBRAS
The rest of this paper will be devoted to proving the following theorem:
THEOREM 5. If L is a finite modular effect algebra, then, as a lattice, L is
the direct product of M s and chains.n
LEMMA 2. Let L be a finite modular effect algebra. Suppose a n b s 0 in
w x w x w xL and suppose that 0, a k b \ 0, a = 0, b . Then there are atoms p F a,
 4q F b, and r g a or b with 0, p, q, r, p k q ( M .3
w x w x w xProof. By a theorem of Birkhoff 8, Theorem 2.31 , 0, a = 0, b is
w x  .isomorphic to a sublattice of 0, a k b under the mapping c, d ª c k d.
w x w xWe will refer to the elements of 0, a = 0, b as ordered pairs to distin-
w xguish them from elements of 0, a k b which are not in the product
w x w x w x wsublattice. If 0, a k b \ 0, a = 0, b , then there is an element in 0, a k
x w x w xb that is not in 0, a = 0, b . Without loss of generality, choose this
element x so that
a , b $ x $ x $ ??? $ x $ a , b .  .1 1 1 n 2 2
w x w xis the chain of shortest length starting and ending in 0, a = 0, b , but
containing an element not in this product. Let b F b such that b $ b F0 1 0
 . w x w x  .b . Consider the element a , b g 0, a = 0, b and let y s x k a , b .2 1 0 1 0
 .  .Since a , b is covered by both x and a , b , the modularity of L1 1 1 0
w x w ximplies that y % x. If y f 0, a = 0, b , then there is a shorter chain
a , b $ y $ y $ ??? $ y $ a , b .  .1 0 1 ny1 2 2
between elements of the product that contains elements not in the
w x w x  .product, a contradiction. So y g 0, a = 0, b and y s a , b , since2 2
 .otherwise the chain a , b $ x $ y would be of the desired type and1 1
 .  .  .shorter than the chain between a , b and a , b . Thus a , b $ x $1 1 2 2 1 1
 .  .  .  .a , b , so that a $ a and b $ b . Therefore, a , b , a , b , a , b ,2 2 1 2 1 2 1 1 1 2 2 1
 .4x, a , b ( M . Translating this interval down, we have for p s a y a2 2 3 2 1
 .F a, q s b y b F b, and r s x y a , b g a or b, the sublattice2 1 1 1
 40, p, q, r, p k q ( M .3
We will use the following notation for the rest of this section. Assume L
is a finite modular effect algebra with A its set of atoms. Denote by
a , a , . . . , a those elements of height 2 which cover at least three atoms.1 2 n
Let A be the set of atoms not under any a . Let b , b , . . . , b denote the1 i 1 2 m
elements of height 2 such that b covers exactly two atoms in A say pi 1 i
.and q , where b s 2 p s 2 q . Define A to be the remaining atoms,i i i i 2
namely, those atoms in A which are not under any b . Finally, let1 i
c , c , . . . , c denote the summits of the atoms in A .1 2 l 2
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LEMMA 3. If a , a , i / j are as pre¨iously defined, then a n a s 0.i j i j
Proof. If a n a / 0, then a n a s p for some atom p. Thus, ht a ki j i j i
. w xa s 3 by the modularity of L, so 0, a k a ( M = 2 by Theorem 4.j i j n
However, since both a and a are coatoms in this interval and eachi j
dominates at least three atoms, we have a contradiction. Thus a n a s 0.i j
The following results are obvious from the definition of the a and b .i j
LEMMA 4. For a and b as defined pre¨iously, a n b s 0 for alli j i j
i s 1, 2, . . . , n and j s 1, 2, . . . , m. If i / j, then b n b s 0.i j
LEMMA 5. If p is an atom under a , then p Hu a ,i i
Proof. If p H a , then p [ a exists, and p H q for every atom p F a .i i i
Since there are at least atoms under a , there is an atom q with p [ q / a .i i
Thus both a and p [ q are upper bounds for p and q, and both havei
height 2; hence p k q does not exist and L is not a lattice, a contradiction.
LEMMA 6. If p - a and p is isotropic, then p [ p s a .i i
 .Proof. If p [ p / a , then ht a k 2 p s 3 by the modularity of L, soi i
w xthat 0, a k 2 p ( M = 2, for some n by Theorem 4. Since L is an effecti n
algebra, there is an atom r such that a k 2 p s a [ r. However, byi i
Lemma 5, r l a . Then since p - a , we get that p H r and p [ r / a .i i i
w xTherefore, p is an atom of 0, a k 2 p which is under at least threei
 .distinct coatoms a , 2 p, p [ r of this interval and a is a coatom of thisi i
interval above at least three atoms. However, p - a which contradicts thei
w xfact that 0, a k 2 p ( M = 2. Thus p [ p s a .i n i
LEMMA 7. If b s 2 p s 2 q, then p Hu b .i i
Proof. If p H b , then p H q, and both b and p [ q are upper boundsi i
for p and q. However, both b and p [ q have height 2, so that p k qi
would not exist in L, which contradicts the fact that L is a lattice.
The following lemma shows that every atoms in A is of type 1.2
w xLEMMA 8. For e¨ery c as defined pre¨iously, 0, c is a chain.i i
 . w xProof. Let c s smt p , where p g A , and suppose that 0, c is not ai 2 i
chain. Let lp be the smallest multiple of p which dominates an atom
q / p. Since it is obvious that l / 1, this implies that 2 F l F h, where h is
 .  .the isotropic index of p. It follows that q n l y 2 p s 0 and the ht x s l
 .y 1, where x s q k l y 2 p follows immediately from the modularity of
 .L. So x s l y 2 p [ r for some atom r / p. However, x $ lp, so x [ s s
lp for some atom s / p. Then we have that
l y 2 p [ 2 p s lp s l y 2 p [ r [ s, .  .
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and by the cancellation law for effect algebras, 2 p s r [ s. If r / s, then
 .2 p has three distinct atoms under it p, r, s , so 2 p s a for some i andi
therefore p f A . If r s s, then 2 p s 2 r which would make 2 p s b if it2 i
had no other atoms under it and 2 p s a if there were any other atomsi
w xunder it, but in either situation, p f A . Therefore, 0, c must be a chain.2 i
In summary, it follows from Lemmas 6 and 8 that for all appropriate i, j,
a n c s 0, b n c s 0, c n c s 0.i j i j i j
We are now in a position to prove the main theorem of this paper. We
have earlier specified n q m q l elements of L, namely, the a , the b , andi i
the c . For notational convenience we wish to rename these elements asi
follows,
a , . . . , a ª d , . . . , d , respectively,1 n 1 n
b , . . . , b ª d , . . . , d , respectively,1 m nq1 nqm
c , . . . , c ª d , . . . , d , respectively.1 l nqmq1 nqmql
It follows from Lemmas 3, 4, and 8 that d n d s 0 if i / j.i j
THEOREM 6. If L is a finite modular effect algebra, then, as a lattice, L is
the product of chains and M s.n
w k x k w xProof. We first show by induction that 0, E d (  0, d for allis1 i is1 i
k.
wIn the case k s 2, we know that d n d s 0. By Lemma 2, if 0, d k1 2 1
x w x w xd \ 0, d = 0, d , there would be atoms p F d , q F d , and r g d2 1 2 1 2 1
 4or d such that 0, p, q, r, p k q ( M . Thus p k q s a for some i and2 3 i
a n d s q / 0, so that a s d . However, a n d s p / 0, so that a si 2 i 2 i 1 i
w x w x w xd . This is a contradiction, so we have that 0, d k d ( 0, d = 0, d .1 1 2 1 2
w j x j w x  j .Now assume that 0, E d (  0, d . Then E d n d s 0is1 i is1 i is1 i jq1
since the atoms under Ej d are precisely the atoms under each ofis1 i
d , d , . . . , d , and d n d s 0 for i s 1, 2, . . . , j. Thus1 2 j i jq1
j jq1 j jq1
w x w x0, d k d s 0, d ( 0, d = 0, d ( 0, d .E E  i jq1 i i jq1 i / is1 is1is1 is1
Otherwise, by Lemma 2, there would be atoms p, q, and r with p F
j j  4E d , q F d , and r g E d or d such that 0, p, q, r, p k q (is1 i jq1 is1 i jq1
M . Thus p k q s a for some i and a n d s q, which implies that3 i i jq1
 j .a s d . However, then we would have that d n E d s p, whichi jq1 jq1 is1 i
w k x k w xis a contradiction. Therefore 0, E d (  0, d for all k. In particu-is1 i is1 i
lar we have
nqmql nqmql
w x0, d ( 0, d .E i i
is1is1
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We next show that Enqmql d s 1. If not, there is an atom q such thatis1 i
Enqmql d H q and hence q H d for every i. However, q F d for some i.is1 i i i
By Lemma 5, d / a for any j; by Lemma 7, d / b for any j. If d s c ,i j i j i j
 . nqmqlthis contradicts the fact c s smt q . Therefore, E d s 1.i is1 i
Finally,
w xL s 0, 1
nqmql
s 0, dE i
is1
nqmql
w x( 0, d i
is1
w x w x w x w x( 0, a = ??? = 0, a = 0, b = ??? = 0, b1 n 1 m
w x w x= 0, c = ??? = 0, c1 l
( M = ??? = M = M = ??? = M = C = ??? = C ,k1 k n 2 2 1 l
where the C are chains.i
COROLLARY 1. The only finite geometric lattices which are effect algebras
are the modular ones.
Proof. It is well known that any finite self-dual geometric lattice is
modular.
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